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Abstract
We study the rate of growth of normalized Hodge numbers along a
tower of abelian covers of a smooth projective variety with semismall Al-
banese map. These bounds are in some cases optimal. Moreover, we
compute the L2-Betti numbers of irregular varieties that satisfy the weak
generic Nakano vanishing theorem (e.g., varieties with semismall Albanese
map). Finally, we study the convergence of normalized plurigenera along
towers of abelian covers of any irregular variety. As an application, we
extend a result of Kolla´r concerning the multiplicativity of higher pluri-
genera of a smooth projective variety of general type, to a wider class
of varieties. In the Appendix, we study irregular varieties for which the
first Betti number diverges along a tower of abelian covers induced by the
Albanese variety.
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1 Introduction and Main Results
In this paper, we study the asymptotic behavior of Hodge and Betti numbers of
sequences of coverings of complex projective varieties with semismall Albanese
map. Similar problems have attracted considerable interest over the last four
decades, and they have been extensively studied in a variety of different geo-
metric contexts. For instance, in [DW78] and [DW79], DeGeorge and Wallach
study the asymptotic behavior of Betti numbers on regular coverings of compact
locally symmetric spaces of non-compact type (e.g., compact real and complex
hyperbolic manifolds). The problem addressed in [DW78, DW79] is natural for
researchers interested in the cohomology of locally symmetric varieties, and it
can be easily described. Given a torsion free lattice Γ acting co-compactly on
a symmetric space of non-compact type say G/K, we say that a sequence of
nested, normal, finite index subgroups {Γi} of Γ is a cofinal filtration of Γ if ∩iΓi
is the identity element. Define pii : Xi → X as the finite index regular cover of
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X
def
= Γ\(G/K) associated to Γi. The main result of [DW78] implies that
lim
i→∞
bk(Xi)
deg pii
= 0 for any k 6= 1
2
dim(G/K),
where bk(Xi) denotes the k-th Betti number of Xi. We refer to the ratio
bk(Xi)/ deg pii as the normalized k-Betti number of the cover pii : Xi → X.
Thus, for k different from the middle dimension, the growth of Betti numbers
in a tower of coverings associated to a cofinal filtration has sub-degree (or sub-
volume) growth, and the normalized Betti numbers converge to zero.
The study of Betti numbers in a sequence of coverings continues to fas-
cinate many mathematicians; see for example the recent work of Abert et
al. [ABBGNRS17]. In this remarkable paper, the authors extend the re-
sults of DeGeorge–Wallach to sequences of compact locally symmetric vari-
eties which Benjamini–Schramm converge to their universal covers. We refer
to [ABBGNRS17] for the precise definition of this notion of convergence; here
we simply remark that a tower of coverings associated to a cofinal filtration
does indeed Benjamini–Schramm converge. The techniques employed both in
[DW78, DW79] and [ABBGNRS17] are based on representation theory, and
they do not immediately generalize to non-symmetric varieties. Nevertheless,
there is a large and growing literature concerning these kind of problems outside
the locally symmetric context; see for example [Yeu94], [DS17], [ABBG18] and
the bibliography therein. These papers employ geometric analysis techniques,
and they extend much of the DeGeorge–Wallach theory to negatively curved
compact Riemannian manifolds which are not locally symmetric.
Here we contribute to this circle of ideas by studying the cohomology of
complex projective varieties with semismall Albanese map, a further instance
of varieties of non-locally symmetric type. Our approach is based on tools of Al-
gebraic Geometry and Hodge Theory, and it employs sheaf-theoretic techniques
specific to this class of varieties. As an important ingredient, we employ the
generic vanishing theory of bundles of holomorphic p-forms developed by Popa
and Schnell in [PS13] via Saito’s theory of mixed Hodge modules.
We now turn to details and present our main results. Let X be an irregular
smooth projective complex variety of dimension n, and let aX : X → Alb(X) be
its Albanese map. The Albanese torus Alb(X) is an abelian variety of dimension
g = h1,0(X) (we recall that the variety X is irregular if g > 0). We say that
the Albanese map aX is semismall if for every integer k > 0 the following
inequalities hold
codim{x ∈ Alb(X) | dim (a−1X (x)) ≥ k } ≥ 2k. (1)
In particular, if aX is semismall, then aX is generically finite onto its image,
but the converse does not hold in general. For instance, the Albanese map of
the blow-up of an abelian variety along a smooth subvariety of codimension c
3
is semismall if and only if c ≤ 2. Next, let
µd : Alb(X)→ Alb(X), µd(x) =
d-times︷ ︸︸ ︷
x+ · · ·+ x, d ≥ 1
be the multiplication maps on Alb(X), and define the varieties Xd via the fiber
product diagrams
Xd
ϕd

ad // Alb(X)
µd

X
aX // Alb(X).
(2)
Our first result controls the rate of growth of the Hodge numbers of Xd with
respect to the degrees of the covers ϕd : Xd → X. We refer to the ratios
hp,q(Xd)/ degϕd as the normalized (p, q)-Hodge numbers. The following theo-
rem provides an effective estimate for the rate of convergence of the normalized
Hodge numbers, and it also yields the optimal rate of convergence of one of
them.
Theorem 1.1. Let X be a smooth projective variety of complex dimension n,
and let ϕd : Xd → X be the e´tale covers defined in (2). If the Albanese map aX
is semismall, then for any pair of integers (p, q) ∈ [0, n]2 there exists a positive
constant B(p, q) such that
hp,q(Xd)
degϕd
≤ B(p, q) d−2|n−p−q| for all d ≥ 1. (3)
Moreover, we have
lim
d→∞
hp,q(Xd)
degϕd
= (−1)q χ(ΩpX) if p+ q = n. (4)
Conversely, if X is a smooth projective variety of dimension n that satisfies both
dim Alb(X) > n and the bounds in (3) for all pairs of indexes (p, q) ∈ [0, n]2,
then the Albanese map aX is semismall.
In order to prove the previous theorem, in Section 3 we develop a general
machinery that establishes the convergence of the normalized cohomology ranks
hq(Xd, ϕ
∗
dF)/degϕd of a coherent sheaf F on X subject to certain cohomologi-
cal conditions (cf. Theorem 3.6). In particular, Theorem 1.1 corresponds to the
case of bundles of holomorphic p-forms F = ΩpX . In Section 5, we apply this
machinery to the case of pluricanonical bundles F = ω⊗mX for m ≥ 1. We refer
to Section 4 for the details of the proof of Theorem 1.1, and to a generalization
that takes into account all values of the defect of semismallness of the Albanese
map (cf. Theorem 4.3 and (8)). Finally, Theorem 1.1 implies the following
statement regarding the normalized Betti numbers.
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Corollary 1.2. Let X be a smooth projective variety of dimension n such that
the Albanese map aX is semismall. Then for any integer k 6= n there exists a
positive constant C(k) such that
bk(Xd)
degϕd
≤ C(k) d−2|n−k| for all d ≥ 1.
Furthermore, we have
lim
d→∞
bn(Xd)
degϕd
= (−1)n χtop(X).
When combined with Lu¨ck’s Approximation Theorem (cf. [Lu¨c94, Main
Theorem]), Theorem 1.1 can be used to compute the L2-Betti numbers of the
Albanese universal cover pi : X → X, when the Albanese map of X is semis-
mall. Throughout the paper, the Albanese universal cover is defined as the fiber
product between aX and the universal topological cover pi of Alb(X):
X
pi

a // Cg
pi

X
aX // Alb(X),
(5)
where g = h1,0(X) = dim Alb(X) 6= 0. Notice that, up to a finite cover, the
Albanese universal cover coincides the universal abelian cover. Indeed, these
infinite covers are equal if and only if H1(X,Z) is torsion free. We refer to
Section 6 for the formal definition of L2-Betti numbers of any infinite G-covering
map X ′ → X ′/G. It turns out that our calculation of L2-Betti numbers holds
for a more general class of smooth irregular projective varieties, which we now
define. We say that X satisfies the weak generic Nakano vanishing theorem if
for any pair of integers (p, q) ∈ [0, n]2 such that p+ q 6= n we have
Hq
(
X,ΩpX ⊗ αp,q
)
= 0
for at least one topologically trivial line bundle αp,q ∈ Pic0(X). Instances of
varieties that satisfy this property are varieties with semismall Albanese map
(cf. Theorem 2.6), and varieties that admit one holomorphic 1-form such that
its zero-set is either finite of empty (cf. Theorem 2.7). We refer to [GL87] and
[Lom13, Introduction, Sections 3.1 and 3.2] for examples and basic properties
of this class of varieties.
Theorem 1.3. Let X be a smooth projective variety of complex dimension n and
let X be the universal Albanese cover. If X satisfies the weak generic Nakano
vanishing theorem, then the L2-Betti numbers of X are:
b
(2)
k (X) =
{
(−1)nχtop(X) if k = n
0 if k 6= n.
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It is tantalizing to compare Theorem 1.3 with an old conjecture of Singer
concerning the L2-Betti numbers of the universal covering space of an aspherical
manifold.
Conjecture 1.4 (Singer Conjecture). If X is a closed aspherical manifold of
real dimension 2n, then
b
(2)
k (X˜) =
{
(−1)nχtop(X) if k = n
0 if k 6= n,
where pi : X˜ → X is the topological universal cover of X.
Interestingly, Theorem 1.3 provides a vanishing theorem analogous to
Singer’s conjecture when the L2-Betti numbers are computed with respect to
the Albanese universal cover. It seems worth asking whether Theorem 1.3 holds
when the L2-Betti numbers are computed with respect to the topological uni-
versal cover, and more generally, if Singer’s conjecture can be extended mean-
ingfully outside the class of aspherical manifolds, at least within the class of
projective varieties.
We point out that in [JZ00, Theorem 3 (i)] Jost and Zuo prove, among other
things, a special case of Theorem 1.3. More specifically, they prove Theorem 1.3
in the case of smooth projective varieties whose Albanese map aX : X → Alb(X)
is an immersion. The techniques used by Jost and Zuo rely on analytical ar-
guments introduced by Gromov in [Gro91], where the author confirms Singer’s
conjecture for Ka¨hler hyperbolic manifolds. These manifolds include Ka¨hler
manifolds with negative and pinched sectional curvature, and do not not con-
tain any rational curve. On the contrary, varieties with Albanese map semis-
mall may contain rational curves. Finally, we remark that in [LMW17b] the
semismallness condition of the Albanese map is studied by means of topologi-
cal generic vanishing theory. Via the general strategy of [LMW17a, Theorem
2.28], it is possible that the techniques of [LMW17b, Theorem 1.2] suffice to
give an alternative proof of Theorem 1.3 in the case of varieties with semismall
Albanese map; however we do not pursue this direction in this paper. Finally,
we also point out the related work of Budur [Bud09], where the author shows
polynomial periodicity of the Hodge numbers of congruence covers.
In Section 5, we apply the techniques of Section 3 to prove a version of
Theorem 1.1 for pluricanonical bundles ω⊗mX with m ≥ 2. More precisely, we
compute the following limits
P˜m(X)
def
= lim
d→∞
Pm(Xd)
degϕd
= lim
d→∞
h0(Xd, ω
⊗m
Xd
)
degϕd
, m ≥ 2 (6)
of normalized plurigenera (whenever they exist). Let I : X → Z be a smooth
representative of the Iitaka fibration, and let q(I) = q(X)−q(Z) be the difference
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of the irregularities. In Proposition 5.2, we prove that the limits in (6) exist
and are computed by:
P˜m(X) =
{
Pm(X) if q(I) = 0,
0 if q(I) > 0.
(7)
We recall that if X is of general type (hence satisfying q(I) = 0), then a
classical result of Kolla´r [Kol93, Proposition 9.4] (cf. also [Laz04b, Theorem
11.2.23]) ensures that its higher plurigenera are multiplicative with respect
to any e´tale cover. As suggested by (7), we extend this property to smooth
projective varieties satisfying q(I) = 0, when the e´tale covers are induced by
the Albanese variety via base change. Also, as a by-product, we show that
[Kol93, Proposition 9.4] cannot be extended to varieties with q(I) > 0. We
refer to Section 5 for the proof of Theorem 5.4, and examples of varieties with
q(I) = 0 that are not of general type.
In the Appendix (Section 7), we discuss the irregular varieties for which the
first Betti number b1 goes to infinity along the unramified covers induced by the
multiplication maps on the Albanese variety (regardless of the semismallness of
the Albanese map). Building upon results of Beauville [Bea90], we prove that if
this is the case, then the base variety must be fibered over a curve having either
genus at least two, or genus equal to one and the fibration admits two multiple
fibers whose multiplicities are not coprime. Moreover, if the group H2(X,Z) is
torsion free, then the converse of this result holds as well (cf. Theorem 7.1). We
remark that, in many interesting cases, the converse can be used to deduce that
the first Betti number is indeed uniformly bounded on these abelian covers.
Very recently, Stover [Sto19] and Vidussi [Vid17] study the boundedness of the
first Betti number of abelian covers of the Cartwright–Steger surface [CS10].
While our analysis does not fully recover their theorems, it has the advantage to
put in perspective their results in the framework of higher-dimensional varieties.
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email correspondence. They thank the Mathematics Department of Stony
Brook University for the ideal research environment they enjoyed at the
beginning of this project. The first named author thanks the University of
Florida where most of these ideas crystallized, and where some of the results
were presented in the Fall 2018 Topology Seminar. During the preparation
of this work, the second named author visited both the University of Florida
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2 Weak GV -Sheaves
In this section, we recall a few basic results from generic vanishing theory. The
following presentation is tailored to our purposes; we refer to [GL87, GL91,
PP11, Sch13] for a comprehensive introduction.
Let X be a smooth projective complex variety of dimension n, and let
f : X → A be a morphism to an abelian variety of dimension g. The non-
vanishing loci attached to a coherent sheaf F on X relative to f : X → A are
defined as
V i(F) = {α ∈ Â ∣∣ Hi(X,F ⊗ f∗α) 6= 0} (i ≥ 0)
(in the notation V i(F) we omit the reference to the morphism f). Here Â '
Pic0(A) denotes the dual torus of A, which parameterizes isomorphism classes
of holomorphic line bundles with trivial first Chern class. By the Semicontinuity
Theorem [Har77, Theorem III.12.8], the loci V i(F) are algebraic closed subsets
of Â.
Definition 2.1. The sheaf F satisfies GV (or the generic vanishing property)
if codim ÂV
i(F) ≥ i for all i > 0.
A fundamental result of Green and Lazarsfeld proves that if the Albanese
map aX : X → Alb(X) is generically finite onto its image, then the canonical
bundle ωX satisfies GV . Moreover, the loci V
i(ωX) are torsion linear varieties
for all i ≥ 0 regardless the Albanese dimension of X, i.e. every irreducible
component T ⊂ V i(ωX) is of type β+T0 where β ∈ Pic0(Alb(X)) ' Pic0(X) is
an element of finite order, and T0 ⊂ Pic0(X) is a subtorus (cf. [GL91, Theorem
0.1] and [Sch13, Corollary 19.2]). For the purposes of this paper, we will consider
the following weaker notion of generic vanishing.
Definition 2.2. The sheaf F satisfies weak GV with index p if V i(F) ( Â for
all i 6= p.
Obviously, GV -sheaves satisfy weak GV with index 0. We conclude this
subsection with a useful result which we will use in Section 5. The Euler char-
acteristic of a sheaf F is defined as χ(F) = ∑i≥0(−1)ihi(X,F).
Lemma 2.3. If F is a weak GV -sheaf with index p, then
χ(F) = (−1)p hp(X,F ⊗ f∗α)
for a generic element α ∈ Â. In particular, χ(F) = 0 if F is a weak GV -sheaf
with respect to two distinct indexes.
Proof. If α ∈ Â is generic, then the cohomology groups Hi(X,F ⊗ f∗α) vanish
for all i 6= p. Since χ(F) is invariant under twists with line bundles in Pic0(X),
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we find χ(F) = χ(F ⊗ f∗α) = (−1)php(X,F ⊗ f∗α). Moreover, if F is a weak
GV -sheaf with respect to two distinct indexes, then all the loci V i(F) are proper
subset of Â, hence χ(F) = 0.
2.1 (Weak) Generic Nakano Vanishing Theorem
Let X be a smooth projective variety of dimension n, and let aX : X → Alb(X)
be its Albanese map. Moreover, denote by ΩpX
def
= ∧pΩX the bundle of holomor-
phic p-forms on X. Following [PS13, Definition 12.1], we say that X satisfies
the generic Nakano vanishing theorem if codim Pic0(X)V
q(ΩpX) ≥ |p+ q − n| for
all indexes p and q. In this paper, we consider varieties that satisfy a weaker
vanishing condition.
Definition 2.4. The variety X satisfies the weak generic Nakano vanishing
theorem if ΩpX is a weak GV -sheaf with index n− p for all p = 0, . . . , n.
It turns out that X satisfies the generic Nakano vanishing theorem if and
only if it satisfies a condition on the dimension of the fibers of the Albanese
map. This goes as follows. Set Vl
def
= { y ∈ Alb(X) | dim a−1X (y) ≥ l } and define
the defect of semismallness of aX as:
δ(aX) = max
l∈N
{2l − n+ dimVl}. (8)
Definition 2.5. We say that aX is semismall if δ(aX) = 0. Equivalently, aX
is semismall if the inequalities of (1) are satisfied for all k ≥ 1.
Theorem 2.6 (Popa–Schnell). If X is a smooth projective variety of dimension
n, then
codim Pic0(X)V
q(ΩpX) ≥ |p + q − n| − δ(aX)
for all p ≥ 0 and q ≥ 0. Moreover, there exists a pair (p, q) for which the
equality is attained. In particular, if aX is semismall, then X satisfies the
generic Nakano vanishing theorem.
The previous theorem appears in [PS13, Theorem 3.2], and it is proved
by means of Saito’s theory of mixed Hodge modules and the Fourier–Mukai
transform. Besides varieties with semismall Albanese map, another class of
varieties that satisfies Definition 2.4 is provided by the following result of Green
and Lazarsfeld [GL87, Theorem 3.1].
Theorem 2.7 (Green–Lazarsfeld). Let X be a smooth projective variety. If
X carries a holomorphic 1-form such that its zero-set is either finite or empty,
then X satisfies the weak generic Nakano vanishing theorem.
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The previous theorem relies on the deformation theory of the derivative
complexes associated to the bundles ΩpX . A natural problem is the characteri-
zation of varieties that satisfy Definition 2.4. Here we note that a variety that
satisfies the weak generic Nakano vanishing theorem does not need to carry a
holomorphic 1-form whose zero-set is either finite or empty. For instance, con-
sider a smooth projective variety Y of general type such that its Albanese map
is an immersion and codim Alb(Y )Y = 2 (for instance a genus 3 curve in its
Jacobian). Then the blow-up Z of Alb(Y ) along Y is the counterexample we
are looking for. In fact, by [PS14b, Theorem 2.1], any holomorphic 1-form on
Y has at least one zero, and its pull-back to Z vanishes along some curves in
the exceptional divisor. Moreover, all 1-forms of Z are obtained in this way as
H0(Z,ΩZ) = H
0(Alb(Y ),ΩAlb(Y )) = H
0(Y,ΩY ). On the other hand, the Al-
banese map of Z is semismall so that Z satisfies the generic Nakano vanishing
theorem.
3 Limits of Normalized Cohomology Ranks
Let X be a smooth projective variety of complex dimension n, and f : X → A
be a morphism to an abelian variety, as in Section 2. Given any integer d ≥ 1,
we denote by µd : A→ A the multiplication map µd(x) = dx. Furthermore, by
means of the fiber product construction, we define the varieties Xd as follows:
Xd
ϕd

fd // A
µd

X
f // A.
(9)
Finally, we set Fd def= ϕ∗dF if F is a coherent sheaf on X. In this section we aim
to calculate the following limits of normalized cohomology ranks:
lim inf
d→∞
hp(Xd,Fd)
degϕd
and lim sup
d→∞
hp(Xd,Fd)
degϕd
.
To this end, we introduce first some notation. We denote by ri the number
of irreducible components of V i(F), and by vi the maximum dimension of an
irreducible component of V i(F). Moreover, we set:
Mi = max
{
hi(X,F ⊗ f∗α) |α ∈ V i(F)}
mi = min
{
hi(X,F ⊗ f∗α) |α ∈ V i(F)}.
Finally, we denote by T id the set of d-torsion points of V
i(F), and by τ id =
∣∣T id∣∣
its cardinality. We use the following lemma in order to bound τ id.
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Lemma 3.1. Let V be a complex torus and S = p0 + B be a translate of a
subtorus B ⊂ V , and let d ≥ 1 be an integer. If the set of d-torsion points of S
is not empty, then it consists of exactly d2 dimB elements.
Proof. Denote by νd(x) = dx the multiplication map on B. We notice that if
y = p0 + x ∈ S = p0 + B is a d-torsion point, then dx = −dp0. Hence x is
an element of the fiber ν−1d (−dp0) which consists of exactly d2 dimB elements.
Conversely, if x ∈ ν−1d (−dp0), then y = p0 + x belongs to S and it is trivially a
d-torsion point.
Definition 3.2. The locus V i(F) is said linear (resp. torsion linear) if it
consists of a finite union of translates (resp. torsion translates) of subtori of Â.
Proposition 3.3. If V i(F) is linear, then for all d ≥ 1 the following inequalities
hold:
(i) τ id ≤ ri d2vi ,
(ii)
∑
α∈T id h
i(X,F ⊗ f∗α) ≤ Mi ri d2vi .
Proof. The proposition follows by Lemma 3.1 and the following inequalities
mi τ
i
d ≤
∑
α∈T id
hi(X,F ⊗ f∗α) ≤ Mi τ id. (10)
Proposition 3.4. If V i(F) is torsion linear and vi > 0, then τ id ≥ d2vi and∑
α∈T id h
i(X,F ⊗ f∗α) ≥ mid2vii for infinitely many d ≥ 1.
Proof. If S is a component of dimension vi, then it contains d-torsion points for
infinitely many d ≥ 1. The result follows by Lemma 3.1 and (10).
There exist upper bounds on the cardinalities τ id even if V
i(F) is not linear.
Proposition 3.5. There are positive constants a1, a2 such that for all d ≥ 1 we
have:
(i) τ id ≤ a1 d2vi ,
(ii)
∑
α∈T id h
i(X,F ⊗ f∗α) ≤ a2 d2vi .
Proof. We employ the following theorem of Raynaud [Ray83, p. 327]. Let Y
be a closed integral subscheme of a complex abelian variety V , and let T ⊂ V
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be the set of torsion points. If T ∩ Y is dense in Y with respect to the Zariski
topology, then Y is a translate of an abelian subvariety by a point of finite order.
Take now the Zariski closure of all the torsion points in V i(F). This is
a finite union of irreducible closed subvarieties where in each component the
torsion points are dense. Hence, by Raynaud’s Theorem, each component is a
translate of an abelian subvariety of dimension at most vi by a torsion point.
The following theorem is the main result of this section. The equation
(11) is a generalization of [Zha14, Theorem 4.1] in which the author studies the
particular case of the structure sheaf of a smooth projective variety with respect
to the Albanese map.
Theorem 3.6. If V i(F) is a proper subset of Â, then we have
lim
d→∞
hi(Xd,Fd)
degϕd
= 0. (11)
Moreover, if F satisfies weak GV with index p, then we have
lim
d→∞
hp(Xd,Fd)
degϕd
= (−1)pχ(F).
Proof. Denote by Sd the set of all d-torsion points of Â so that
µd∗OA '
⊕
α∈Sd
α
(cf. [Zha14, Proof of Theorem 4.1]). As both µd and ϕd are e´tale morphisms,
there are isomorphisms of complexes Rµd∗OA ' µd∗OA and Rϕd∗OXd '
ϕd∗OXd . Hence, by performing the base change of [BO95, Lemma 1.3] along
f : X → A, we obtain a further decomposition:
ϕd∗OXd '
⊕
α∈Sd
f∗α.
Finally, by the projection formula of [Har77, Ex. 8.3], we obtain the following
isomorphisms
ϕd∗Fd ' F ⊗ ϕd∗OXd '
⊕
α∈Sd
(F ⊗ f∗α),
so that
hi(Xd,Fd) = hi(X,ϕd∗Fd) =
∑
α∈Sd
hi(X,F ⊗ f∗α). (12)
Hence, if V i(F) = ∅, then all summands in the right hand side of (12) are equal
to zero. On the other hand, if V i(F) 6= ∅, then Proposition 3.5 yields∑
α∈Sd
hi(X,F ⊗ f∗α) ≤ ai d2vi
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for some positive constants ai which are independent of d. This proves the first
claim as degϕd = degµd = d
2g and vi < g.
In order to prove the second claim, we recall that the Euler characteris-
tic χ(F) is multiplicative under e´tale covers [Laz04a, Proposition 1.1.28], i.e.,
χ(Fd) = (degϕd)χ(F). Therefore an application of (11) gives
χ(F) = lim
d→∞
χ(Fd)
degϕd
= lim
d→∞
(−1)ph
p(Xd,Fd)
degϕd
.
Remark 3.7. By Corollary 2.3, the Euler characteristic of a weak GV -sheaf
with index p satisfies χ(F) = (−1)php(X,F ⊗ f∗α), for some line bundle α
generic in Â. Therefore, if hp(X,F) assumes the least (or generic) value in the
set {hp(X,F ⊗ f∗α) |α ∈ Â}, then the computation of χ(F) simplifies to
χ(F) = (−1)p hp(X,F).
This is the case if the sheaf F satisfies the Index Theorem with index p (or I.T.
for short), namely that V i(F) = ∅ for all i 6= p. In fact, by the invariance of
the Euler characteristic, it follows that hp(X,F ⊗f∗α) is independent on α and
V p(F) = Â.
Example 3.8. By Mumford’s Index Theorem [Mum08, §16], any non-
degenerate line bundle L on A satisfies the Index Theorem with index p, for
some p ∈ [0, g = dimA] (see Remark 3.7; moreover note that p = 0 if and only
if L is ample). Therefore, by taking f = idA, we have
lim
d→∞
hp(A,Ld)
degµd
= (−1)pχ(L) = (−1)p
(
Lg
)
g!
.
There are examples of higher rank vector bundles that satisfy the I.T. condi-
tion as well, for instance, the class of non-degenerate simple semi-homogeneous
vector bundles on an abelian variety (cf. [Gri14, Proposition 2.1]).
4 Limits of Normalized Hodge and Betti Num-
bers
We denote by
hp,q(X) = dimCH
q(X,ΩpX)
the Hodge numbers of a smooth projective variety X, and by
bk(X) =
∑
p+q=k
hp,q(X) (13)
its Betti numbers.
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Proposition 4.1. Let X be a smooth projective variety of dimension n that
satisfies the weak generic Nakano vanishing theorem. Then we have
lim
d→∞
hp,q(Xd)
degϕd
=
{
(−1)qχ(ΩpX) if p+ q = n
0 if p+ q 6= n
and
lim
d→∞
bk(Xd)
degϕd
=
{
(−1)nχtop(X) if k = n
0 if k 6= n.
Proof. Since hp,q(Xd) = h
q(Xd,Ω
p
Xd
) = hq(Xd, ϕ
∗
dΩ
p
X), the first statement is an
application of Theorem 3.6. For k 6= n, the second statement follows by the first
statement and the equations (13). For k = n, we further observe that a direct
computation yields the equality
n∑
p=0
(−1)n−pχ(ΩpX) = (−1)nχtop(X).
Remark 4.2. Proposition 4.1 may fail if the Albanese map is generically finite
onto its image, but not semismall (cf. [JZ00, Remark on p. 6]). A counterex-
ample is provided by the construction in [GL87, §3] (or [Sch13, Example 9.1])
which we here briefly recall. Let A be an abelian variety of dimension four and
let aX : X → A be the blowup of A along a smooth curve C ⊂ A of genus
g(C) ≥ 2 with exceptional divisor E. Hence aX is the Albanese map of X
and δ(aX) = 1 (see [PS13, Example 12.3]). By means of the exact sequence
0 → a∗XΩA → ΩX → ΩE/C → 0 and the Leray spectral sequence, we deduce
that
V i(ΩX) = {OX}, V 2(ΩX) = Â, V 3(ΩX) ⊆ {OX}, i = 0, 1, 4.
Hence ΩX satisfies weak GV with index 2, and, by Theorem 3.6, we find
lim
d→∞
h1,2(Xd)
degϕd
= χ(ΩX) = χ(ΩE/C) = g(C)− 1 6= 0.
Moreover, as the loci V 3(OX) ' V 0(Ω3X) ' V 1(ωX) are of codimension at least
one (see [GL87, Theorem 1]), by Theorem 3.6 we have that also the following
limit
lim
d→∞
b3(Xd)
degϕd
= lim
d→∞
∑
p+q=3 h
p,q(Xd)
degϕd
= 2 lim
d→∞
h1,2(Xd)
degϕd
= 2g(C)− 2
is non-zero.
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Now we prove Theorem 1.1 of the Introduction. The theorem is a special
case of the following more general result, where all the values of the defect of
semismallness of the Albanese map δ(aX) are taken in consideration (see (8)).
Theorem 1.1 is the case δ(aX) = 0. First of all, we note that the limits (4)
are peculiar to the case δ(aX) = 0, and they have essentially been proved in
Proposition 4.1.
Theorem 4.3. Let X be a smooth projective variety of complex dimension
n, and let ϕd : Xd → X be the e´tale covers defined in (2). If the defect of
semismallness of the Albanese map satisfies δ(aX) ≤ N , then for any pair of
integers (p, q) ∈ [0, n]2 there exists a positive constant B(p, q) such that
hp,q(Xd)
degϕd
≤ B(p, q) d−2(|n−p−q|−N) for all d ≥ 1. (14)
Conversely, if X is a smooth projective variety of dimension n that satisfies both
dim Alb(X) > n and the bounds in (3) for all pairs of indexes (p, q) ∈ [0, n]2,
then the defect of semismallness satisfies δ(aX) ≤ N .
Proof. Let Sd denote the set of d-torsion points on Alb(X). As in (12), we have
for all p and q the following equalities
hp,q(Xd) =
∑
α∈Sd
hq(X,ΩpX ⊗ α).
By Proposition 3.3, there exist positive constants B = B(p, q) such that
hp,q(Xd)
degϕd
≤ B d2(dimV q(ΩpX)−g)
where g = dim Alb(X). Moreover, by Theorem 2.6, we have dimV q(ΩpX) ≤
g − |p+ q − n|+ δ(aX) and
hp,q(Xd)
degϕd
≤ B d−2(|p+q−n|−δ(aX))
for all d ≥ 1. This shows one implication.
Assume now that dim Alb(X) > dimX and that the bounds (14) hold.
Moreover, assume by contradiction that δ(aX) ≥ N + 1. By Theorem 2.6,
there exists a pair (p0, q0) ∈ [0, n]2 such that codimV q0(Ωp0X ) = |n− p0 − q0| −
δ(aX). Then dimV
q0(Ωp0X ) = dim Alb(X) − |n− p0 − q0| + δ(aX) > 0, and by
Proposition 3.4 we have
hp0,q0(Xd)
degϕd
≥ Ad−2(|n−p0−q0|−δ(aX)) for infinitely many d ≥ 1
(note that the loci V q(ΩpX) are torsion linear by [Sch13, Corollary 19.2]). For
d 0, this contradicts the bounds (14) when (p, q) = (p0, q0).
15
Proof of Corollary 1.2. The first statement of the corollary is an application of
Theorem 1.1 and (13). On the other hand, the second point is again Proposition
4.1.
5 Limits of Normalized Plurigenera
In this subsection, we apply Theorem 3.6 to the pluricanonical bundles ω⊗mX
(m ≥ 1) of a smooth projective variety X. We set pg(X) = P1(X) = h0(X,ωX)
for the geometric genus of X, and
Pm(X) = h
0(X,ω⊗mX ), m ≥ 2,
for the plurigenera.
In the following proposition we fix a morphism f : X → A to an abelian
variety.
Proposition 5.1. Let Xd be the fiber product between f : X → A and µd as in
the commutative diagram (9). Then for any integer m ≥ 1 we have
lim
d→∞
Pm(Xd)
degϕd
= χ(f∗ω⊗mX ). (15)
Moreover, if f : X → A is generically finite onto its image, then
lim
d→∞
pg(Xd)
degϕd
= χ(ωX).
Proof. By [PS14a, Theorem 1.10] the sheaves f∗ω⊗mX satisfy GV for all m ≥ 1.
Hence, by Theorem 3.6, we have
lim
d→∞
h0(A,µ∗df∗ω
⊗m
X )
degϕd
= χ(f∗ω⊗mX ).
We observe that by base change, together with the fact that h0(A, fd∗G) =
h0(Xd,G) for any coherent sheaf G on Xd, we have the equalities
h0(Xd, ω
⊗m
Xd
) = h0(Xd, ϕ
∗
dω
⊗m
X ) = h
0(A, fd∗ϕ∗dω
⊗m
X ) = h
0(A,µ∗df∗ω
⊗m
X ).
The second claimed limit follows by the Grauert–Riemenschneider Vanish-
ing [Laz04a, Theorem 4.3.9], which yields χ(f∗ωX) = χ(ωX) if f is generically
finite onto its image.
For m ≥ 2 there are two cases where one can improve the results of Propo-
sition 5.1. The first is the case of smooth projective varieties of general type. In-
deed, Kolla´r in [Kol93, Proposition 9.4] shows the multiplicativity of the higher
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plurigenera under any e´tale map, so that:
lim
d→∞
Pm(Xd)
degϕd
= Pm(X) for all m ≥ 2.
The second is the case of the Albanese map f = aX : X → Alb(X). With a
slight abuse of notation, we denote by I : X → Z a non-singular representative
of the Iitaka fibration of X. Moreover, we set
q(I) = q(X)− q(Z) = h0(X,ΩX)− h0(Z,ΩZ)
for the difference of the irregularities.
Proposition 5.2. Let Xd be the fiber product between aX and µd as in (2), and
fix an integer m ≥ 2. Then there exists a positive constant M such that
Pm(Xd)
degϕd
≤ M d−2 q(I) for all d ≥ 1.
Moreover we have
lim
d→∞
Pm(Xd)
degϕd
=
{
Pm(X) if q(I) = 0
0 if q(I) > 0.
Proof. By [HPS18, Theorem 11.2 (b)], for each m ≥ 2 there exist line bundles
α1, . . . , αt ∈ Pic0(X) of finite order such that
V 0(ω⊗mX ) =
t⋃
j=1
(
αj + Pic
0(Z)
)
.
Hence we have dimV 0(ω⊗mX ) = q(Z). Moreover, as Pm(Xd) =∑
α∈Sd h
0(X,ω⊗mX ⊗ α) (where Sd is the set of d-torsion points on Alb(X)),
by Proposition 3.3 there exists a positive constant M > 0 such that the first
claim holds. This also shows that the limit limd→∞
Pm(Xd)
degϕd
vanishes for q(I) > 0.
In order to complete the proof, thanks to Proposition 5.1, we only need to calcu-
late the Euler characteristic χ(aX∗ω⊗mX ). As aX∗ω
⊗m
X satisfies GV , by Lemma
2.3 we find that
χ(aX∗ω⊗mX ) = h
0(Alb(X), aX∗ω⊗mX ⊗ α) = h0(X,ω⊗mX ⊗ α) (16)
for a generic element α ∈ Pic0(Alb(X)) ' Pic0(X). However, if q(I) = 0, then
by [HPS18, Theorem 11.2 (a)] we have V 0(ω⊗mX ) = Pic
0(X) and moreover the
quantities h0(X,ω⊗mX ⊗ α) are independent of α.
Remark 5.3. Smooth projective varieties of general type fall within the class
q(I) = 0. Instances of varieties with q(I) = 0, but which are not of general
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type, are provided by non-isotrivial elliptic surfaces fibered over smooth projec-
tive curves Σg of genus g ≥ 2. Indeed, given an elliptic surface p : X → Σg,
one can show that the corresponding morphism P : Alb(X) → Alb(Σg) is an
isomorphism if and only if the elliptic fibration is not isotrivial. For more de-
tails, we refer to [Bea96, Chapter IX]. Higher-dimensional examples may be
constructed in the same fashion.
In analogy to Kolla´r’s result [Kol93, Proposition 9.4], the previous proposi-
tion suggests that the higher plurigenera ought to be multiplicative under e´tale
morphisms also in the more general case q(I) = 0. We confirm this expecta-
tion for the e´tale covers induced via base change by the isogenies of Alb(X).
In [LPS17, Corollary 12.2], the reader may read about a further property that
shows how varieties with q(I) = 0 behave like varieties of general type. Indeed,
the sheaves aX∗ω⊗mX satisfy I.T. with index 0 for all m ≥ 2 as soon as q(I) = 0
(cf. Remark 3.7).
Theorem 5.4. Let X be a smooth projective variety with q(I) = 0, and let
Y be the fiber product between aX and an isogeny µ : B → Alb(X), as in the
following cartesian diagram:
Y
a˜ //
ϕ

B
µ

X
aX // Alb(X).
Then for all d ≥ 1 and m ≥ 2 we have Pm(Y ) = (degϕ)Pm(X).
Proof. The proof follows the general strategy of [HPS18, Theorem 11.2] and
[Laz04b, Theorem 11.2.23]. This goes as follows. As in the proof of Proposition
5.2, the Iitaka fibration I induces a surjective morphism aI : Alb(X)→ Alb(Z)
with connected fibers such that the diagram
X
aX //
I

Alb(X)
aI

Z
aZ // Alb(Z)
commutes (cf. [HP02, Proposition 2.1]). Therefore aI is an isomorphism as
q(I) = 0. Fix now an integer m ≥ 2 and let I(‖ω⊗(m−1)X ‖) be the asymptotic
multiplier ideal sheaf as defined in [Laz04b, Definition 11.1.2]. Moreover set
g = aI ◦ aX and define the sheaf
H = g∗
(
ω⊗mX ⊗ I
(‖ω⊗(m−1)X ‖)).
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Since g factors though I, we have a linear equivalence relation tKX ∼ g∗H +E
where H is an ample divisor on Alb(Z), E is an effective divisor, and t  0 is
a sufficiently large integer. This implies, analogously to the proof of [HPS18,
Theorem 11.2], that
H0(Alb(Z),H) = H0(X,ω⊗mX ) and Hi(Alb(Z),H) = 0 for all i > 0.
Thus we have Pm(X) = χ(H).
Now, consider the Stein factorization s : Y → S of the composition I ◦
ϕ : Y → Z. As the general fiber of s has Kodaira dimension equal to zero,
by [Laz04a, Remark 2.1.35] s factors though a non-singular representative of
the the Iitaka fibration of Y , which, with a slight abuse of notation, we denote
it by IY : Y → W . Define g˜ = aI ◦ µ ◦ a˜ where a˜ : Y → B is the natural
morphism induced by aX via base change. As g˜ factors though IY , we can write
t˜KY ∼ g˜∗H˜ + E˜ for some ample line bundle H˜ on Alb(Z), effective divisor E˜
on Y , and large integer t˜ 0. Moreover, by defining the sheaves
G˜ = g˜∗
(
ω⊗mY ⊗ I
(‖ω⊗(m−1)Y ‖)), H˜ = a˜∗(ω⊗mY ⊗ I(‖ω⊗(m−1)Y ‖)),
we conclude as before that
H0
(
Alb(Z), G˜) = H0(Y, ω⊗mY ) and Hi(Alb(Z), G˜) = 0 for i > 0.
We conclude that Pm(Y ) = χ(G˜) = χ(H˜) as in addition there are isomorphisms
Hi(B, H˜) ' Hi(Alb(Z), G˜) for all i ≥ 0 (recall that µ is e´tale). Finally, we note
that χ(H˜) = χ(µ∗(a−1I )∗H). Indeed, by base change and [Laz04b, Theorem
11.2.16], we obtain the following isomorphisms
H˜ ' a˜∗ϕ∗
(
ω⊗mX ⊗ I
(‖ω⊗(m−1)X ‖)) ' µ∗(a−1I )∗H.
To conclude, we note that
χ
(
µ∗
(
a−1I
)
∗H
)
= (degµ)χ
((
a−1I
)
∗H
)
= (deg µ)χ(H)
as aI : Alb(X)→ Alb(Z) is an isomorphism.
Remark 5.5 (Higher direct images and multiplier ideal sheaves). One can ap-
ply Theorem 3.6 to other classes of sheaves that satisfy the generic vanishing
condition of Definition 2.1. In this direction, the paper [PP11] contains sev-
eral examples of GV -sheaves. As an example, by keeping the notation of (9),
Theorem 3.6 and [PP11, Theorem 5.8] give
lim
d→∞
h0(A,Rifd∗ωXd)
degµd
= χ(Rif∗ωX) for any i ≥ 0.
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Moreover, Theorem 3.6 in combination with [PP11, Corollary 5.2] give the fol-
lowing statement. Suppose that the Albanese map aX : X → Alb(X) is generi-
cally finite onto its image, and let L be a line bundle with non-negative Kodaira
dimension. With notation as in (2), we have
lim
d→∞
h0
(
Xd, ωXd ⊗ Ld ⊗ I
(‖Ld‖))
degϕd
= χ
(
ωX ⊗ L⊗ I
(‖L‖)).
6 Applications to L2-Cohomology
In order to define L2-Betti numbers we follow the reference [Lu¨c02]. Let G be
a discrete group, and let M be a co-compact free proper G-manifold without
boundary endowed with a G-invariant Riemannian metric. Define the space of
smooth L2-integrable harmonic k-forms
Hk(2)(M) =
{
ω ∈ Ωk(M) | ∆dω = 0,
∫
M
ω ∧ ∗ω <∞}
where ∗ is the Hodge star operator and ∆d = dd∗+ d∗d is the Hodge-Laplacian
operator. By [Lu¨c02, Section 1.3.2], the spaces Hk(2)(M) are finitely generated
Hilbert modules over the von Neumann algebra N (G) of G. We define the L2-
Betti numbers b
(2)
k
(
M ;N (G)) of (M,G) as the von Neumann dimension of the
N (G)-modules Hk(2)(M):
b
(2)
k
(
M ;N (G)) def= dimN (G)Hk(2)(M).
The L2-Betti numbers assume values in the extended interval [0,∞] of the real
numbers, and b
(2)
k
(
M,N (G)) ∈ [0,∞) if the action of G is co-compact.
Finally, in order to define the L2-Hodge numbers h
(2)
p,q
(
M ;N (G)) of (M,G),
we define
Hp,q(2)(M) =
{
ω ∈ Ωp,q(M) | ∆∂ω = 0,
∫
M
ω ∧ ∗ω <∞},
where ∆∂ = ∂ ∂
∗
+ ∂
∗
∂ is the ∂-Laplacian, and set
h(2)p,q
(
M ;N (G)) def= dimN (G)Hp,q(2)(M).
By [Lu¨c02, Chapter 11], there is a L2-Hodge decomposition which gives
b
(2)
k
(
M ;N (G)) = ∑
p+q=k
h(2)p,q
(
M ;N (G)). (17)
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6.1 (Non-)Vanishing of L2-Betti numbers
Let X be a smooth projective variety of dimension n, and let aX : X → Alb(X)
be the Albanese map. Moreover set g = dim Alb(X). The universal Albanese
cover pi : X → X is defined as the fiber product between aX and the topological
universal cover Cg → Alb(X) (cf. [DL19, Section 3.2]). We set
Γ = pi1(X), Γ = pi1(X), G = Γ/Γ and A = Alb(X).
Theorem 6.1. If X satisfies the weak generic Nakano vanishing theorem, then
the L2-Betti numbers of X are
b
(2)
k
(
X;N (G)) = {(−1)nχtop(X) if k = n
0 if k 6= n.
In particular, we have Hp,q(2)(X) = 0 if p+ q 6= n.
Proof. Consider the following cartesian diagram induced inductively by the mul-
tiplication maps µd via the base change:
· · · // Yd+1 //

Yd

// Yd−1 //

· · · // Y2

// X
aX

· · · // A µd+1 // A µd // A µd−1 // · · · // A µ2 // A.
By using the notation of the commutative diagram (9), we immediately realize
that Yd ' Xd!. We set Γd = pi1(Yd). By [DL19, Section 3.1], together with
the proof of [DL19, Lemma 3.2], the homomorphism aX# : pi1(X) → pi1(A) is
surjective and the varieties Yd satisfy
ker
(
aX# : pi1(X)→ pi1(A)
)
=
∞⋂
d=1
Γd
(i.e., in the terminology of [DL19, Lemma 3.2], the isogenies ri can be chosen as
the multiplication maps µd). Moreover, the universal Albanese cover pi : X → X
is identified to the regular cover associated to the normal separable subgroup
ker(aX#). Therefore Γ = ker(aX#) and there isomorphisms
Yd ' X
/
Gd where Gd
def
= Γd /Γ .
As the sequence {Gd}d≥1 is an inverse system of normal subgroups such that
∩d≥1Gd = {1}, Lu¨ck’s Approximation Theorem [Lu¨c02, Theorem 13.3] and
[Lu¨c02, Example 1.32] yield
b
(2)
k
(
X;N (G)) = lim
d→∞
b
(2)
k
(
Yd;N (G/Gd)
)
= lim
d→∞
bk(Yd)
[Γ : Γd]
= lim
d→∞
bk(Xd!)
degµd!
.
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At this point, the first statement of the theorem is an application of Proposition
4.1. On the other hand, the second follows by the fact that the von Neumann
dimension of a Hilbert module is zero if and only if the module itself is trivial
(see [Lu¨c02, Theorem 1.12 (1)]), and the L2-Hodge decomposition (17).
The following non-vanishing result was proved by Gromov in the case of
topological universal covers of Ka¨hler hyperbolic manifolds (cf. [Gro91, Section
2] and [Lu¨c02, Theorem 11.35]).
Corollary 6.2. Let X be as in Theorem 6.1. If χ(ΩpX) 6= 0, then we have
Hp,n−p(2) (X) 6= 0.
Moreover, if χ(ωX) 6= 0, then there exists a nontrivial holomorphic L2-integrable
n-form on the universal Albanese cover X.
Proof. We use the notation of the previous proof. First of all we observe that
by Proposition 4.1 we have the inequalities
lim sup
d→∞
hp,n−p(Yd)
degµd
≥ lim
d→∞
hp,n−p(Xd!)
degµd!
= (−1)n−pχ(ΩpX) > 0
Thus the result follows by Kazhdan’s inequality [Kaj75, Theorem 2] (cf. also
[JZ00, p. 6-7]):
h
(2)
p,n−p
(
X,N (G)) ≥ lim sup
d→∞
hp,n−p(Yd)
degµd
.
The second statement is proved as in [Lu¨c02, Corollary 11.36]. In other words,
if we have a non-zero form ω ∈ Hn,0(2) (X), then ∆∂ω = 0 and ∂ω = 0. This
means that ω is holomorphic.
7 Appendix: Coverings of Varieties with Un-
bounded Irregularity
Let Y be a smooth projective variety satisfying q(Y ) = h1,0(Y ) = dim Alb(Y ) >
0 and H2(Y,Z)tor = 0. We provide sufficient and necessary conditions for the
irregularities Q = {q(Yi)}∞i=1 of a series of coverings pii : Yi → Y induced by
Alb(Y ) to diverge as deg pii → ∞. Indeed, the sequence Q may either diverge
or be bounded. For instance, by the recent work of Vidussi [Vid17, Lemma
1.3] and Stover [Sto19, Theorem 3], the irregularity of any unramified abelian
cover of the Cartwright–Steger surface1 is equal to one. On the other hand,
1The Cartwright–Steger surface S is a complex hyperbolic surface with minimal Euler
characteristic χ(S) = 3, and non-trivial first Betti number. It was computationally discovered
in [CS10] during the classification of fake projective planes. We refer to [CKY17] for an in
depth study of its geometry.
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it is very easy to construct towers of coverings with unbounded irregularities.
For instance, any non-trivial sequence of coverings of a product of two higher
genus curves is one such. The aim of this appendix is to provide a precise
characterization of this dichotomy.
Turning to details, let X be a smooth projective variety of dimension
n and aX : X → Alb(X) be the Albanese map. The multiplication maps
µd : Alb(X) → Alb(X), µd(x) = dx induce via base-change unramified cov-
ers ad : Xd → X. We use the term fibration to mean a surjective morphism
of varieties with connected fibers. The following result builds upon [Bea90,
Corollaire 2.3].
Theorem 7.1. Suppose that lim supd→∞ q(Xd) = ∞. Then X admits a fibra-
tion p : X → C onto a smooth curve of genus g such that either g ≥ 2, or g = 1
and the fibration admits two multiple fibers whose multiplicities are not coprime.
If in addition H2(X,Z)tor = 0, then the converse holds.
Proof. Let Sd be the set of d-torsion points of Pic
0(X). The irregularity q(Xd) =
h1(Xd,OXd) can be computed with the techniques of Theorem 3.6:
q(Xd) = q(X) +
∑
α∈Sd, α 6=OX
h1(X,α). (18)
First of all we prove that lim supd→∞ q(Xd) = ∞ if and only if there exists a
positive-dimensional component of the Green–Lazarsfeld locus
V n−1(ωX) ' V 1(OX) def= {α ∈ Pic0(X) | h1(X,α) > 0 }.
In fact, if lim supd→∞ q(Xd) =∞, then by (18) there are infinitely many distinct
elements of V 1(OX). As V 1(OX) is an algebraic variety, these elements must
form one irreducible component. On the other hand, if v1 = dimV
1(OX) > 0,
then, by Proposition 3.4, V 1(OX)2 contains at least d2v1 d-torsion points for
infinitely many d ≥ 1. Hence q(Xd) ≥ q(X) + d2v1 − 1 and the claim follows.
Let now Picτ (X) be the variety that parameterizes isomorphism classes of
holomorphic line bundles on X with torsion first Chern class. By the work of
[GL91, Theorem 0.1] and [Bea90, Corollaire 2.3], the irreducible components
of V n−1(ωX) are related to fibrations over smooth projective curves. More
precisely, any positive-dimensional irreducible component S ⊂ V n−1(ωX) is a
component of the group
Picτ (X, p)
def
= ker
(
i∗ : Picτ (X)→ Picτ (F ))
for some fibration p : X → C over a smooth projective curve of genus g ≥ 1
with general fiber i : F ↪→ X. It follows that dimS = g. Moreover, if g = 1,
2By [Sch13, Corollary 19.2], the locus V 1(OX) is a finite union of torsion translates of
abelian subvarieties of Pic0(X).
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then by [Bea90, Corollaire 2.3] we have S 6= p∗ Pic0(C). Therefore, by [Bea90,
Remarque 2.4], p must posses at least two multiple fibers whose multiplicities are
not coprime (cf. also [Sch13, Exercise 10.3]). This proves one of the implications.
Let now p : X → C be a fibration onto a smooth projective curve of genus
g ≥ 1. For the other direction, we note that if g ≥ 2, then, by pulling-back
line bundles from Pic0(C) = V 0(ωC), the fibration p gives rise to an irreducible
component of V n−1(ωX) (cf. [Lom14, Lemma 6.3]). We now prove that we reach
the same conclusion even if g = 1, H2(X,Z)tor = 0, and the condition on the
multiple fibers is verified. In fact, the condition on the multiple fibers implies
that the group Γτ (p) ' Picτ (X, p)/p∗ Pic0(C) of the connected components
of Picτ (X, p) is non-trivial (cf. [Bea90, Proposition 1.5, Remarque 2.4] and
[Sch13, Exercise 10.3]). By [Bea90, §1.6], as H2(X,Z)tor = 0, the group Γτ (p)
is identified with the group Γ0(p) of the connected components of the following
group
Pic0(X, p)
def
= Picτ (X, p) ∩ Pic0(X).
Therefore Pic0(X, p) contains a connected component different from the neutral
component p∗ Pic0(C), which, again by [Bea90, Corollaire 2.3], it is contained
in V n−1(ωX).
Remark 7.2. Let S be the Cartwright–Steger surface. It follows from [CS10]
that H1(S,Z) is torsion free. By the universal coefficient theorem, we know
that H2(S,Z)tor = 0. Moreover, the Albanese map has no multiple fibers
(cf. [CKY17, Main Theorem]). Then Theorem 7.1 implies that the unramified
abelian covers of S have bounded irregularities (cf. again [Vid17] and [Sto19]
for optimal statements).
The argument of Proposition 7.1 extends, in a weaker form, to all Hodge
numbers of type hn,i(X) with i > 0.
Proposition 7.3. If lim supd→∞ h
n,i(Xd) = ∞, then there exists a fibration
of X onto a normal projective variety Y of dimension 0 < dimY ≤ n− i such
that any smooth model of Y is of maximal Albanese dimension.
Proof. Thanks to a calculation similar to (18), we can construct an irreducible
component S ⊂ V i(ωX) of positive dimension. By [GL91, Theorem 0.1], this
component induces a fibration of X onto a variety with the desired properties.
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